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Abstract 

We integrate the Lifting cocycles vE^n+i) ^2n+3, ^2n+5, ■ ■ ■ ([Shi], [Sh2]) on the Lie 
algebra Dif n of holomorphic differential operators on an ra-dimensional complex vec- 
tor space to the cocycles on the Lie algebra of holomorphic differential operators on a 
holomorphic line bundle A on an n-dimensional complex manifold M in the sense of 
Gelfand-Fuks cohomology [GF] (more precisely, we integrate the cocycles on the sheaves 
of the Lie algebras of finite matrices over the corresponding associative algebras). The 
main result is the following explicit form of the Feigin-Tsygan theorem [FT1]: 

#Lie(0t!L n (Difn); C) = A'(* 2n+l5 * 2n+3 , *2n+5, • • • )• 

Introduction 

The cocycles *2n+l, ^2n+3, ^2n+5, ■ ■ • on the Lie algebra g[^(Dif n ) of finite 
matrices over (polynomial, holomorphic, formal) differential operators on C™ 
(*i <E C[ ie (fl[^(Dif„);C)) ! called Lifting formulas, were constructed in the author's 
works [Shi], [Sh2]. 

In the present paper we study the various aspects of the notion of integral in Lie alge- 
bra cohomology, applied to the Lie algebra gl^(Dif n ), namely, we integrate the cocycles 
^ / 2n+i 5 ^2n+3 ; x I / 2n+5; • • • on this Lie algebra on an n-dimensional complex manifold M. 
In this way, we obtain 1-, 3-, 5-, ... cocycles on the sheaf of the Lie algebras of holo- 
morphic differential operators in any holomorphic line bundle A over M (in the sense of 
Section 3). 

0.1. It was proved in [FT1] that the cohomology algebra ff*(g[^(Dif n ); C) is the ex- 
terior algebra with the generators in degrees 2n + 1, In + 3, 2n + 5, This result was 

proved using the spectral sequence, connecting the Hochschild homology of an associa- 
tive algebra and its cyclic homology (and the result of [T]); in particular, any explicit 
formulas for the generators do not follow from this computation. 
We prove that 

ff'(fl[£(Dif n ); C) ~ A*(*2n+1, *2n+3, *2n+5, • • • ), 

where ^>2n+i, v &2n+3 ; ^2n+5, ■ ■ ■ are Lifting cocycles (Theorem 4.3.6 in the case n = 1 
and Theorem 4.4 in the general case.) We prove this theorem using the notion of the 
integral in Lie algebra cohomology, which is due to I.M. Gelfand and D.B.Fuks [GF]. 
First of all, let us recall the classical construction of the Virasoro 2-cocycle on the Lie 
algebra Vect(S' 1 ) of smooth vector fields on the circle. 
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We choose any (formal) coordinate system in each point x G S 1 , smoothly depending 
on the point x; in this way, we obtain the map i x : Vect(5 1 ) — > W\, connected with 
each point x G S 1 {W\ is the Lie algebra of formal vector field on the line M 1 ). Let ^3 
be the 3-cocycle on the Lie algebra Wi (in fact, dim H° (Wi; C) = dim H 3 (Wr, C) = 1, 
dimiP(Wi; C) = when i / 0, 3). 

We obtain "in any point x G S 1 " the cocycle * 3 (x) = t*^ 3 G C^ ie (Vect(S' 1 ); C). In 
fact, the cohomological class of all the cocycles ^s(x) is the same, it does not depend 
on the point x G S 1 and on the choice of the (formal) coordinate system in the point x. 
It follows from this statement, that there exists a 1-form 62 on S 1 with the values in 
C'2 ic (Vect(5 1 );C) such that 

Then J sl 6 2 is a cocycle in C£ ic (Vect(S' 1 ); C). Indeed, 

Sue [ e 2 = / <5 Lie e 2 = I d DR V 3 = 0. 
Js 1 Js 1 Js 1 

In fact, the choice of 2 is not unique, but there exists in a sense the canonical choice 
(see Subsec. 2.2). The cohomological class [J gl 2 ] does not depend on the choice of the 
coordinate systems. 

Let M be an n-dimensional complex manifold, A be a holomorphic line bundle on M. 
Let Dif^ m De the sheaf of the associative algebras of holomorphic differential operators 
in A, and T>* M be the Dolbeault complex on M: 

T>* - S fl -> r°° O - 1 ^ 0°> 2 ^ X 

We consider r^glj^o (Dif a,m ®0m ^m)) as a DG Lie algebra (see Remark 3.1). When 
M = <C n , the DG Lie algebra r C n(gl^(Dif C n ®o cn !>£„)) is quasi-isomorphic to Dif„[0] 
as a DG Lie algebra. 

We define the cohomology of the sheaf of Lie algebras Dif A] m (with the bracket [a, b] = 
(a*b—b*a)) as cohomology of the DG Lie algebra Tm^^x^^Om^m) anc ^ cohomology of 
the sheaf g[££(Dif Ai M) as cohomology of the DG Lie algebra Tm{q^(D^x,m ®O m ^m))- 
The reason is that complex of sheaves Dif a,m ®o m D* m is quasi-isomorphic to the sheaf 
DifA,M[0] (as sheaves of associative or Lie algebras). 

For any cocycle * G C£ ie (gl^(Dif„); C) and any singular cycle a G Cf mg (M;C) we 
define (in Sec. 2 and Subsec. 3.2) the integral J a which is a cocycle in 

c£r'(r M (fl& n (Dif AiM ) ®o M V M )). 

The crucial point is that if [J ^f] 7^ than [ty] 7^ (here [. . . ] stands for the cohomological 
class) (Theorem 2.3(1)). Therefore the notion of integral gives us an effective tool to prove 
the cohomological nontriviality of cocycles in C' ie (Ql^(Dii n );C). 

Let n = 1, M = CP 1 . In this simplest case the sheaf of holomorphic differential 
operators (in any holomorphic line bundle A) has not higher cohomology (as a sheaf), 
and the DG Lie algebra r CP i(g^(Dif A- cp 1 ) ®c CP i ^cp 1 ) * s c i uas i"i somor phi c to the Lie 
algebra of global differential operators r(Dif A C pi)[0]. We will denote the last Lie algebra 
by Dif ACP i. (The situation is the same for generalized flag varieties, in particular, for 
projective spaces and flag varieties). 
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Using the method of [FT1] it is not difficult to show that i?£ ie (g[^(Dif CP i); C) is the 
exterior algebra with the unique generator in dimension 1 and two generators in each 
dimension 3,5,7,.... 

We calculate the integral J CP i ^2k+i £ ^uc^^o (Dif cp i); C) and prove, that it has 
nonzero value on the (2k — l)-cycle in iJ 2 fc-i(0t^ (Difcp 1 ); C) which is the image of some 
(2k - l)-cycle in fT 2 fc-i(flfe;C) under the inclusion g^(Dif CP i) (A ^ A <g> 1) 

(A; > 1) (Subsection 4.1-4.3). Then it follows from Theorem 2.3(1) that *2fc+i is not 
cohomologous to zero in C'j (fjl^(Difi; C) for any fe > 1. It follows from this result, 
calculation of [FT1], and the Hopf algebra structure on cohomology H* ie (gl^(Diii); C) 
that 

^(fl^Difx); C) = A-(* 3 , *5, *7, • • • ) 
(in fact, the cocycles Vf^fc+ii k > 1, are primitive elements with respect to the Hopf 
algebra structure on i?£ ie (gl££(Difi); C)). 

Unfortunately, we have not found any simple calculation of the integrals using the Dol- 
beault complex as we described above. Our calculation is based on the Cech resolution, 
and we define the notion of integral from viewpoint of the Cech resolution (in the case 
of CP") in Subsec. 4.1-4.2. We believe, that both definitions of the integral coincide. 

Let i: Dif CP i <^-» Difi be the inclusion defined by a choice of coordinate system in a 
point of CP 1 . We prove that 

iT£ie(0[£(Dif C pi);C) ~ A* ( [ * 3 ; ^**3, / * 5 ; t**5, / ¥7;... 

XJCP 1 Jcp 1 Jcp 1 

Using the integration on CP™, we prove that 

ff£ie(fl&(Dif„); C) ~ A*(*2n+1, *2n+3, *2n+5, • • • ) 

for any n > 1. The situation here is quite complicated, because we don't know any way 
to calculate the integrals directly. Let A = 0(A), AeZ, and we consider 

/ * 2k+1 G ffST 1 (flI^(Dif Ai cP");C), k > n. 
JCP" 

For a matrix (2k — 2n + l)-cycle 7 G P2fe-2n+i(0^; C) we consider J cpn VE^fc+i as a 
polynomial function on A. In fact, this is a polynomial of n-th degree. It is not easy 
to calculate this polynomial, but we calculate its leading coefficient and prove, that it is 
not equal to zero for some 7. Therefore, 

/ * 2fc+ i e C^- 2 " +1 ( fl e(Dif AiC pn); c) 

J CP" 

is not cohomologous to zero, and it follows from the Theorem 2.3.(1) that 

¥ 2fe+ iGc72f+ 1 ( e(Dif n );C) 

is not cohomologous to zero for any k > n. The remaining part of the proof is the same 
as in the case n = 1. 

Finally, let us note that the question on the cohomological nontriviality of the pull- 
back j*^2k+i w hh respect to the inclusion j : Dif n <^-> glj^o (Dif„) (V i-> Eu®V) remains 
open; it solved only in the simplest case k = n ([Shi], Sect. 2). We don't know how to 
check the nontriviality of these cocycles because it is not known any explicit formulas for 
cycles in C,(Dif n ;C). So the case of the Lie algebra gl^(Dif n ) turns out more simpler 
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than the case of the Lie algebra Dif n itself, because there exist matrix cycles in the case 
of 4 n (Dif„). 

On the other hand, the values of Lifting formulas itself (not their integrals) on the 
matrix cycles are equal to 0, as well as the values of the pull-back t*^2k+i on the matrix 
cycles. 

0.2. Content of the paper. 

Section 1: we recall ([Shi], [Sh2]) the construction of the Lifting cocycles 

*2n+i, *2n+3, *2n+5, • • • on the Lie algebra g[^(Dif n ); 
Section 2: we recall the definition of the notion of integral in Lie algebra cohomology 

in the classical case of the Lie algebra of smooth vector fields on a real manifold; all 

this material is basically standard ([GF]), the minor modifications are due to Boris 

Feigin; 

Section 3: we give the definition of the integral in the case of the Lie algebra of 
holomorphic differential operators on a holomorphic line bundle A on a complex 
manifold M (more precisely, the sheaf of the Lie algebras, . . . ); when M is com- 
pact, the holomorphic noncommutative residue is defined. In this case, the value 
of the noncommutative residue on the identity differential operator is equal, up 
to a constant depending only on M, to the Euler characteristic of the bundle A 
(Conjecture 3.3); 

Section 4: we calculate the integrals in the case M = CP n , n > 1, A = 0(A). We 
use the Cech resolution instead of the Dolbeault resolution of Section 3. We prove 
here, that tf£ ic (gl^(Dif n ); C) = A'(*2n+i, *2n+3, *2n+5, ■■■)■ 

0.3. Acknowledgements. I am very much indebted to Boris Feigin, almost all I know 
about Lie algebra cohomology I learned from the numerous informal discussions with 
him. 

The first ideas of this paper appeared in February 1998, when I worked in the Institut 
des Hautes Etudes Scientifiques (Bures-sur-Yvette) . I am grateful to the I.H.E.S. for 
the hospitality and very stimulating atmosphere. 

1. Lifting formulas ([SrT], [Sh2]) 

1.1. It will be convenient to give the definitions in a bit more generality. 

Let 21 be an associative algebra, we will also consider 21 as the Lie algebra with the 
bracket [a,b] = a • b — b • a. Let Tr: 21 — > C be a trace on the associative algebra 21 
(i.e. Tr[a, b] = for any a, b <G 21); we denote by Derx r 2l the Lie algebra of all the 
derivations D of the associative algebra 21 such that Tr(Da) = for any a £ 21. 

Lifting formulas are the formulas for (k + 1)-, (k + 3)-, (k + 5)- ... cocycles on the 
Lie algebra 21 constructed by derivations Di, . . . ,Dk G Derx r 2l such that the following 
conditions (i)-(ii) hold: 

(i) [Di, Dj] = sAQ i:j (Qij € 21, Qji = -Qij); 

(ii) Alt A (Qij) = 

(Let us note that in any case Alt Di(Qij) lies in the center of the Lie algebra 21.). 
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In the simplest case, when = for all i,j the formula for (k + l)-cocycle is given 
by the following formula: 

(1) * fc +i(Ai, . . . , A k+1 ) = Alt Alt TriDiAi D k A k ■ A k+1 ). 

Ai,...,A k+1 Di,...,D k 

In the general case, the r.h.s. of (1) is the "leading term" of the (k + l)-cocycle, also exist 

[h~\ 

terms linear, quadratic, . . . , - -th degree in Qij. 

Let 21 = ^Difji be the associative algebra of the formal pseudo-differential operators 
on (S l ) n ([A]). One can define 2n (exterior) derivations of this algebra: ad(lnxi), 
ad(lnx n ); ad((?i), ad(lnd n ). We use the formal symmetry between the symbols 
di and xi arising from the generating relation [<9j,Xj] = 1 to define ad(ln<9j). These 
derivations as well as the corresponding 2-cocycles firstly appear in [KK]. The trace on 
^Difn is the "noncommutative residue" ([A]): it is defined as the coefficient at the term 
x^ 1 . . . x^d^ 1 . . . d^ 1 in any coordinate system; it was proved in [A], that Tr[a, b] = 
for any a, b G 21. It is easy to see ([Shi]) that in fact ad(lnxj), ad(lndj) 6 DerTr^Dif„. 
It was proved in [Shi] that 

(2) [ad(ln^),ad(ln^)] = 

ad (x-'d- 1 + \xfdf + \xfdf + ... + &=M X 7»ar + •••)• 

Therefore, the set of 2n derivations 

{ad(lnxi), . . . , ad(lnx n ); ad(ln d\), . . . , ad(ln d n )} 

satisfy the conditions (i), (ii) above. 

We can reply this construction in the case 21 = g[ ^(*Dif n ), here 

Tr g e(*Dif„) = Tr *Dif„ o Tr g( fln. 

The derivations ad(lnxi), . . . , ad(lnx n ); ad(lndi), . . . , ad(lnd n ) act in the obvious way 
on the algebra g[££(\I/Dif n ), and the conditions (i) — (ii) hold again. 

Remark. Strictly speaking, [ad(lni9j), ad(lnxj)] = adQ, where Q is an infinite matrix in 
the case of the Lie algebra g[^(Dif„) . 

By definition, the Lifting formulas for the algebra Dif n are pull-backs of the Lifting 
formulas for ^Dif n with respect to the natural imbedding Dif n ^Dif n , and also for 
the Lifting formulas in the case of the algebra 0l o J(Dif n ). 

We construct the Lifting formulas for gl^(Difi) (k = 2) in Subsection 1.2 and for 
general k in Subsection 1.3. 

1.2. The case n = 1 ([Shi], [KLR]). Let k = 2, so we have two derivations D\,D 2 such 
that [L>i,L> 2 ] = adQ. 

The simplest Lifting formula for 3-cocycle is given by the following formula: 

(3) * 3 (Ai, A 2 , A3) = Alt TirpxAi • D 2 A 2 ■ A 3 ) + Alt Tr(Q • A 1 ■ A 2 • A 3 ) 
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In the general case, for i = 2, 3, 4, . . . 

(4) $2i+i(Ai, . . . , A 2i+1 ) = AltTr(Q • A x ■ A 2 ■ . . . ■ A^+i) + 

+ Alt Tr(L>i Ai • D 2 A 2 ■ A 3 ■ . . . ■ A 2i+l + D X A X ■ A 2 ■ A 3 ■ D 2 A 4 ■ A 5 ■ . . . ■ A 2i+l + 

+ D X A X ■ A 2 ■ A 3 • A 4 • A 5 • D 2 A 6 ■ A 7 ■ . . . ■ A 2i+1 + ...+ 

+ a s • D 4 A 4 • A 2 • . . . • A s • D 2 A S+1 ■ A s+2 ■ A 2i+1 ) 

\ s = i + 1, a s = \ if i is even 

where < 2 

[s = z, a s = 1 if z is odd 

Theorem ([Shi], Sect. 1, [KLR]). T/ie formulas for * 3 ,* 5 ,^ 7 , .. . given by (3), (4) de- 
fine cocycles on the Lie algebra 21. □ 

1.3. The general case. In this Subsection we suppose that Di, . . . , Dk € DerTr 21 sat- 
isfy conditions (i), (ii) from Subsec. 1.1. 

First of all, let us write the formula for 5-cocycle in the case k = 4 (this is the simplest 
Lifting formula in this case): 

(5) * 5 (Ai,A 2 ,A3,A4,A5) = 

= MtTr{D 1 A 1 ■ D 2 A 2 ■ D 3 A 3 ■ D 4 A 4 ■ A b 

+ Ai ■ Q12 • A 2 • D 3 A 3 ■ D 4 A 4 ■ A 5 

+ DxAx ■ A 2 ■ Q 23 ■ A 3 ■ D 4 A 4 ■ A 5 

+ DiAi • Z? 2 A 2 • A 3 • Q 34 -A 4 -A 5 

+ Ai • Q12 • A 2 • A 3 • Q 3 4 • A 4 • A 5 } 

We don't alternate the symbols i,j in Qjj- 

The next step is the formula for (k+ l)-cocycle for any k. We need some preparations. 
We consider the interval of the length k — 2 with some marked points, such that the 
distance between any two marked points is greater or equal than 2. Let us denote by 



terms, linear in Qij 
term, quadratic in Qij 



the set of all such marked intervals with I marked points (1 < I < 
1, . . . , k — 1 the integral points of the interval. 



Denote by 



Definition. Suppose that t G 1\ and i\ < . . . < i\ are its marked points (1 < i±, ik< 
and i s+ i — i s > 2 for all s = 1, . . . , I — 1). Then 

' Pk+i,t) 



0(i) = AltTr(P M 



where 



Pj+i,t - A j+1 



1,...,Z, i.e., 



Pj,t 

Pk+i,t = Ak+i 
Example. If k = 6 and t 



when j = i s for some s 
if point j is marked 

when j and j — 1 are not marked and 



t E I 2 then 



0(t) 



AltTr(A! • Q 12 • A 2 • Z? 3 A 3 • D4A4 ■ D 5 A 5 ■ D 6 A 6 ■ A 7 ) 
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If t = » I « I «, t € L 3 , then 

0{t) = Alt Tir(Ai • Q12 ■ A 2 • Aa ■ Q 34 • A 4 • A 5 • Q 56 • A 6 • A 7 ). 

We don't alternate the symbols i,j in Qij in this definition. 
Theorem. Let = £ 0(t). T/ien 

(6) = Alt Tr(Z)iAi • D 2 A 2 • . . . • D fe Afc ■ A fe+1 ) + Si + £ 2 + . . . + E[*j 
is a (k + l)-cocycle on the Lie algebra 21. 

□ 

This Theorem was proven in [Sh2], Section 3. 

It remains to define the cocycles ^fc+s, ^fc+5> ^fc+7, • • • (for k derivations D±, . . . , .Dfc). 
First of all, let us suppose that Qij = for all 

Definition. The set a| ven is the set of the sequences {ai} of the length k + 2s such that: 

(i) ai £ {0, 1} for all i = 1, . . . , k + 2s; 

(ii) ai = 1; 

(iii) k of the ctj's are equal to 1 and 2s of the dj's are equal to 0. 

(iv) the number of 0's between the two nearest l's is even; this condition also should 
hold for the "tail" of the sequence {ai}, as if the number's were placed on a circle. 

We define the (k + 2s- l)-cochain i? aii ... j(lfc+2s (Ai, . . . , A k+2s -i) for each {m} € a ev en- 
Roughly speaking, we just shorten any sequence of consecutive zeros to a single zero; after 
this procedure the sequence will have odd length. We choose the first such sequence of the 
consecutive 0's. More precisely, let us define the sequence {ai} G a CV cn hi the following 
way: 

let s\ = min(aj = 0), s 2 = max(a« = 1); then: 

i i>si 

a±, . . . , a si _i = 1; 
a Sl , ■ ■ ■ , a S2 -2 = 0; 

ai = a«+i for s 2 — l<i<k + 2s — 1. 

Definition. 

(Ai, . . .,A k+2s ^) = AhTr(Pi • . . . • P k+2s -i), 

where 

Pi = Dj^Ai for Sj = 1, 
Pi = Ai for en = 

and j(i) is defined in the following way: = 1 and j(i\) < j(i 2 ) when i\ < i 2 and 
j = 1, . . . , n. In other words, j takes values from 1 to k in turn. 

Theorem ([Sh2], Section 1). 

(7) *°+2 S -l= E (-l) 81 ^!,...,-^.^!.---.^-!) 

even 

is a (k + 2s — l)-cocycle on the Lie algebra 21 when all Qij = 0. 
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□ 

The formula (7) is the generalization of the formula (1) on the case of the higher 
cocycles. 

Let us consider the general case, Qij ^ 0. We quantize each summand R ai ,...,a k+2s 
separately. 

Definition, (i) Denote by Circle" lv "' afc+2s the set of all circles with k + 2s — 1 integral 
points from which I (1 < I < — ) are marked. The distance between any two marked 

points is > 2. The points are enumerated by 1, . . . , k + 2s — 1. Point i may be marked 
only if aj = 1 and aj+i = 1 (we suppose that Hk+2s = 

(ii) for t € Circle" 1 '"'' a ' c+2s we define 0(t) by the analogy with the definition above 
after replacing the interval with the circle. We don't alternate the symbols i,j in Qij in 
this definition. 

(iii) 

E ai,..,o fc+as = £ ^ 



teCirclc 



ai ,...,a k + 2s 



Theorem ([Sh2], Section 3). The formula 

(8) = *2+2—i + E (-irj2 E i u "" ak+2s 

{ai}£a cvcn 1>1 

defines a (k + 2s — l)-cocycle on the Lie algebra 21, where ^ +2 s-i ^ s defined by the 
formula (7). 

□ 

2. Integration in the Lie algebra cohomology [GF] 

2.1. C°°-case. Let M be an n-dimensional C^-manifold, let W n be the Lie algebra of 
C°°-vector fields on W 1 and let Vect(M) be the Lie algebra of C°°-vector fields on M. 
The integration is a procedure, corresponding to any cocycle £ € C^ ie (W n ; C) and any 

singular cycle a £ Cf ng (M,C) the cocycle / £ e CLic'( Vect ( M ); c ) such that: 

(i) [/ ct £] =0 if[£]=0; 

(ii) [/ CT £]=0 if[<x]=0 

(here [. . . ] denotes the cohomological class). 

Let x G M be any point of M, and let (p: U — > M be any coordinate system in the 
point a; (£/ is a neighbourhood of in R n and <p(0) = x). The map ip induces the map 
^Vect : Vect(M) — > Wn, and the corresponding map of the cochain complexes: 

^Vcct: C* Uc {W n] C) -> C Lic (Vect(M);C). 

Lemma. Ze£ £ € C£ ic (W n ;C) 6e o cocycle. Then the cohomological class [</2y- ect (£)] ^ oes 
not depend on the choice of the point x G M and of the coordinate system ip: U — > M. 

Proof. The ad-action of the Lie algebra Vect(M) moves points of M and induces the 
trivial action in cohomology. □ 

Let £ € C* ie (W n ; C) be a cocycle. We choose a coordinate system <p x : U — > M 
(<^a;(0) = x) in all the points x £ M, smoothly depending on the point x; by definition, 

£(x) = < Vect (£)GC r : ie (Vect(M);C). 
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According to Lemma, all the cocycles [x G M) are cohomologous to each other. 
Therefore, there exists an element 61 G Q l M <8> C , L i ~ 1 (Vect(M); C) such that d^>^{x) = 
^Lie@i (here cZdr denotes the de Rham differential and ^Lie denotes the differential in the 
cochain complex). 

Furthermore, we will find elements 9; G Q} M <g> C^rJ (Vect(M); C) such that 

'^DrC(^) = ^Lic©l 
^ ^ ^DR@l = ^Lic©2 

^DR0ii-l = <^Lie©n 

It is obvious that if solution of (9) exist, it is not unique. 

Proposition. For any singular cycle a G C ; smg (M;C) and for any solution {&i} of the 
system (9) the integral of l-form 



I e,GC*7<(Vect(M);C) 

J a 



1 ... 1 1 , _ by Stokes formula n ,_, 

^Lie &l= SLic®l = / o!dR©«-1 = 0. □ 



is a cocycle. 
Proof. 



It is obvious (see Subsec. 2.3) that the condition (ii) holds for any solution of the 
system (9). We have in mind (but we don't make the exact statement) that solution 
of (9) is unique if we require the execution of the condition (i). 

2.2. The solution of (9). In this Subsection we construct the canonical solution of the 
system (9). 

Let x G M and we have choose a coordinate system in any point, smoothly depending 
on the point. Then any tangent vector v G T X M in the point x determines an infinitesimal 
1-parametric group of diffeomorphisms on W 1 , i.e. the element t v G W n . 

In the cochain complex of any Lie algebra the following identity holds: 

(10) 5 Uc H ± H <5lic = ad(£) 

(t G Q and it : C*ie(f)' C) — > C , *^ 1 (0; C) is the substitution of t for the first argument). 

Let t v be any C°°-vector field on M such that t v \tp(u) = <p x ,Vect{tv) ■ It follows directly 
from (10) that 

(11) 5 Lic ° % ± % ° $Uc = ad(t v ) 
in the cochain complex C£ ic (Vect(M); C). 

Lemma. 

(12) (dr> R Z(x))v = adt v (£(x)). 

Remark. The r.h.s. of (12) does not depend on prolongation t v of vector field t v . 

Proof. The derivation in the direction of the vector v corresponds to the infinitesimal 
1-parametric group of diffeomorphisms and ad(i„) corresponds to the Ad-action of the 
diffeomorphism. □ 
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It follows from (11), (12) that 

(dDR((x))v = <5 Lic o ljJ(x) 

or, in other words, if we set 

(13) Q 1 (v){A 1 ,...,A k _ 1 )=Z(x)(t v ,A 1 ,...,A k _ 1 ) 

then (d D R^(x))v = 5 Lic Qi(v). 

It is obvious that ©i does not depend on the prolongation t v of the vector field t v . 
Furthermore, let us set 

(14) &i{vi,.. .,Vi)(Ai,.. .,A k -i) = £(x)(t Vl ,. . . ,t Vi ,Ai,.. .,A k -i). 

Theorem. The elements {0«} defined by the formula (14), 0« <G fl l M <8> 
C^(Vect(M); C), gives us a solution of the system (9). 

Proof. We have proved the statement in the case i = 1. We prove in the case i = 2, the 
general case in analogous. 

By the Cartan formula, we have: 

(15) d BR (e 1 )(v 1 {x),v 2 (x)) = e 1 {[v 1 ,v 2 ](x))-v 1 {@ 1 {v 2 (x)) + v 2 (e 1 (v 1 {x)). 

In the formula (15) v\ and v 2 are vector fields such that Vi\ x = Vi(x). 
According to Lemma, we have: 

(16) ui(6i(^))(x) = ad(t„ 1 )(0 1 ( V2 (x)), 

(17) v 2 (@ 1 (v 1 ))(x) = ad(t„ 2 )(0 1 ( Vl (x)) 

if we choose the vector fields v\ and v 2 such that [vi,^] = 0. Note also that 
[*t)i(x)>*v2(x)] = f° r an y two vectors v±(x),v 2 (x). Therefore 

(18) d D R(©i)(«i,«2) = -[tU,^(x)(F« a ,Ai,...,A fc _i)] + [^^(x)^,^,...,^!)]. 
Now it follows from the cocycle condition for that the r.h.s. of (18) is equal to 

$Ue@2(vi,V 2 ). □ 

2.3. Conditions (i) and (ii). 

Theorem. (1) // [£] = i/ien £] = /or any manifold M and a e Cf lg (M; C). 
(2) // [a] = then [J a £] = /or any £. 

Proo/. (1): Let £ = 6 Lie V- Then 

0i(«i, . . . , Vi)(Ai, . . . , A k „i) = {5 L i e ri)(t Vl ,...,t Vi ,Ai,..., A fc _j). 

We have: 

{o~LieT]) (t Vl , . . . , t Vi , Ai, . . . , Afc_j) = o"Lic(7?(^i > • • • > t Vi , A±, . . . , Afc_j) 

modulo the following expressions: 

(i) &d(t Vj )rj(t Vl , . . . , t Vj , . . . , t Vi , Ai, . . . , Afc_j); 

(ii) T/([tt) Q , i^]) i-yi j • • • j ^ a j • • • j > ■ ■ ■ j tvi > Ai, . . . , Afc_j). 

By formula (12), the summands of the type (i) are equal to (dr>RT])(vj) and therefore 
their pull-backs on the singular cycle a are equal to 0. 

On the other hand, [t Va ,t Vp ] = for any v a and vp, because the corresponding 
1-parametric groups commute with each other. 
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Therefore, the summands of both types (i) and (ii) are equal to after pull-backs on a, 
and 

®i= Sudvitv!,--- J Vi ,Ai,... ,A k _i)) = 5 Llc / r](t Vl ,. . . ,t Vi ,A l ,. . . ,A k _i). 

J a J a J a 

(2): f dj e, = ; 7 d DR 9i = / 7 s Ue e i+ i = <5 Lic / 7 e m . □ 

Corollary. The cohomological class of the integral J a 6j does not depend on the choice 
of the coordinate systems (a is a singular i-cycle in M). 

Proof. It follows directly from Theorem 2.3.(1) and Lemma 2.1. □ 

3. Integration in the Holomorphic Case 
3.1. Extended Lifting Formulas. 

3.1.1. Let us denote by T>* M the Dolbeault complex of the structure sheaf Om of a 
complex manifold M, 

T) 9 — / n _ >. r°° JL o 0,1 o ' 2 

it is clear, that is a complex of sheaves of 0-modules. We consider the complex of 
global sections Tm(J)'m) as a super-commutative associative DG algebra. 

Let us denote by Dif^M the sheaf of holomorphic differential operators in a holomor- 
phic line bundle A on M, then the "Dolbeault complex of the sheaf Dif a,m" is defined as 
Dif\,M ®o M T^m- Also the Dolbeault complex gl^Dif^Af) ®o M ^'m ls defined. On the 
complex of global sections Tm(9^(D'^x,m) ®O m ^m) the structure of DG Lie algebra is 
defined. In the case M = C n or M = CP n the DG Lie algebra r ' m{q^{^\,m)®O m v m) 
is quasi-isomorphic to the (DG) Lie algebra gL^rji^Dif a,m))[0] as a DG Lie algebra. 

Remark. Let be a Lie algebra, and let m* be super-commutative associative DG alge- 
bra. Then on q (g>c m * the structure of DG Lie algebra is defined: 

[g x (8) mi, 52 ®m 2 ] = [51,52] ®mim 2 . 

If is the Lie algebra constructed from an associative algebra (with the bracket [a, b] = 
a*b — b*a) then except the above construction, g®m' is an associative DG algebra with 
the product (51 <g) mi) * (52 <8> 1712) = (gi * 52) <8> (mim2), and there arises the structure 
of purely even Lie algebra on 

g®m*:[g 1 ®m 1 ,g 2 ® m 2 ] = (51 * 52 - (-l) dc g m i dc g m 2 52 * 5l ) <g> ( rai m 2 ). 

Everywhere in this work we have in mind the first construction, and we consider <S> m' 
as DG Lie algebra. 

3.1.2. In the case M = C n the DG Lie algebra r C r»(flC^(Difc») ®o cn ^c«) is quasi- 
isomorphic to the DG Lie algebra g[^(Dif„)[0], and there exists the canonical imbedding 
of DG Lie algebras: 

1: 4 n (Difn)[O] 0&(Dif n ) ®o c » -Den- 
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We want to find formulas for the "extended" Lifting cocycles v I / 2fc+i (k > n) of the DG 
Lie algebra gl^(Dif„) (g>e> C n P*n such that t* (\^2fc+i) = *2fe+i- To do this, let us note 
that there exists another map of DG Lie algebras: 

p: 4 n (Dif n ) ® 0cn V cn - [^(Dif n )[O]. 

By the definition, p = in the degrees / 0, and 

(19) p(V® f(z 1 ,...,z n ,z 1 ,...,z n ) = D(g> f(z l ,...,z n ,0, ...,0) = f(z 1 ,...,z n ) -V. 
The composition p o i = id 0l fin( Dif ^ O ], and therefore 

(20) $ 2 fc+l = P*^2k+l 
satisfies the condition L*^f 2 k+i = ^2k+i- 

3.2. The Integration in the Complex Case. Let M be a complex manifold of dimen- 
sion n and let ty 2n+ i, *2n+3, ^2n+5, • • • be Lifting cocycles on the Lie algebra g[^(Dif n ) 
(see Section 1). We choose a holomorphic coordinate system (p x : U M (U C C n , 
<Ar(0) = x) in any point x G M, depending smoothly on the point x G M. Then the 
cocycle 

<p** 2k+1 g Cli +1 (T M ( Q l^(Bif M ) ® OM V M )) 

is defined in any point x G M. As in Section 2, the cohomological class [ip* (*2fe+i)] does 
not depend on the point x G M and on the holomorphic coordinate system (p x in the 
point x. 

Analogously, let A be a holomorphic line bundle on M, p: A^Mbe the projection. 
Choosing a coordinate system ip Xj x : PxC^ p~ 1 ((f x (U)) in any point x G M, smoothly 
depending on the point x, we define the cocycle 

< A (* 2 *+i) g c^ +1 (rA,( fl i^(Dif A)Jltf ) ® 0m p^)). 

Again, the cohomological class A (*2fe+i)] does not depend on the point x G M and 
the coordinate system y? x A : f/xC-> p _1 ((/9 :E ([/)). 

Furthermore, we define the i-form 0j on M (as a C°°-manifold) with values in 

^f e +1 -(r M ( fl e(Dif AiM ) ® 0m v M )) 

by the formula: 

&i{v!, . . . , Vi)(T>i, . . . , V 2 k+i-i) = v?* iA (^ 2 fe+i)(^i ® Id, . . . , t Vi (g> Id, Pi, . . . , P 2 fc+i-i) 

where: 

(i) x G M; 

(ii) ui, . . . , f i are tangent vectors to M (as a C°°-manifold) in point x; 

(iii) fc^, . . . ,t Vi are differential operators of order < 1 on M defined as in Subsec. 2.2 
and t vi (8> Id, . . . , t Vi (8> Id are infinite matrices; strictly speaking, they do not lie in the 
algebra 4 n (Dif A>M ) ® 0m C°°; 

(iv) 

V u . . .,V 2k+1 _i G r M (04 n (DifA,M) ®o M C£) = [r M (0l!L n (DifA,M) ®o M Pm)]°- 
(v) cochain 0j(t> i, . . . , Uj) is equal to zero when one of the arguments has grading ^ 0. 
Lemma. The cocycles ©i, . . . , Q 2 n satisfy the system (9). 
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Proof. The unique new point (after Theorem 2.2) is the existence of the component 5® ic 
in the cochain differential <5Li e , connected with the differential d in the DG Lie algebra 
rM (fl^(DifA,Af) ®O m ^m)- However, it follows from the definition (20) of the extended 
Lifting cocycles * 2 fc+i that <5£ ie (0;)(i;i, . . . , Vi) = 0. □ 

The direct consequence of this Lemma is the statement that j a 0j is a cocycle in 

for any singular i-cycle a: 

^Lic ®i= Suc&i = / ^DR@i-l = 0. 

J {J J cr J a 

One can prove also the direct analogs of Theorem 2.3 and Corollary 2.3. 

3.3. Holomorphic Noncommutative Residue. Let M be a compact complex man- 
ifold, dimM = n, (M) be the fundamental class of M, (M) € H s ™ g (M;C). Then, 
according to previous Subsection, 

/ e 2n g c7 Lic (r M ( e(DiiA,M) ® OM v m )) 

J(M) 

is a cocycle. 
Let us denote 

^• = r M ( [^(Dif A)M )® OM ^). 

Lemma. Cocycle @2n defines a linear functional on 

Ker{3: A /[A , A ] - A 1 /[A , A ± ] }. 

Proof. It follows directly from the generalization of the Theorem from [T] which states 
that 

Hl ic (Q^(A);C) ~ S: uper ((HC.(A)[l})*) 
in the case of a DG associative algebra A. □ 

When V <G Ker{ d: A /[A , A ] -> Ai/L4 , Ai] } we denote by Tr\(V) this noncommu- 
tative residue; in particular, Tt\(1a) is well-defined, where 1a is the identity differential 
operator in the line bundle A. 

We have proved (Corollary 2.3) that the number Tt\(1a) does not depend on the 
choice of the coordinate systems in the definition of J^ M ^ &2n', therefore, this number is 
an invariant of the line bundle A. 

Conjecture. Tta(Ia) = C{M) -x(A) where C(M) does not depend on A and %(A) is the 
Euler characteristic of X. 

This Conjecture is based on the discussions with Boris Feigin. 
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4. Computation in the case M = CP n 

Unfortunately, the author has not found a simple computation of the integrals 
/(CP™) ® 2n f° r P r °j ec ti ve spaces by the method of the Dolbeault complex, described 
in Section 3. On the other hand, the computation using the Cech complex turns out to 
be relatively simple. Therefore, our viewpoint is a compromise: we don't develop the 
general theory of the integration by the method of the Cech complex, but in the case of 
the projective spaces we reprove the analogs of Theorem 2.3 and Corollary 2.3 for the 
Cech method. 

The higher cohomology of the sheaf of holomorphic differential operators on CP™ 
vanishes, and we work with algebra of global holomorphic differential operators. 

4.1. The explicit construction of the integral. We will work with the covering 

L/i U U 2 U . . . U U n+ i = CP n = {(*i,..., z n+1 )/~ | zt G C, 

[i = 1, . . . , n + 1), not all Zi are equal to }. 

where 

Ui = { (z 1} . . .,Z n+1 ) I Zi ^ 0} 

For alH = 1, . . . , n + 1 and all the points z° G U we choose a holomorphic coordinate 
system i z ou. : Ui — >■ C n (i z o ;U .(z°) = 0), depending holomorphically on the point z° (for 
fixed Ui). 

We set 
(22) 

o r o r r 

£1 _ fi. _ i-l _ fi+1 z n+l _ z n+1 

* zi z y zt zy-' zi z ° 



h°,Ui( z li ■■■■> Z n +l) - 

We define the cocycles 

k,ujt)>--->k,u jk (0 e G[ie(04 n (Difcp");C) 

for any cocycle £ G C[ ie (£|[^(Dif n ); C) and any point z° G U jl n . . . (~1 f7,- fc . 

In our choice, = t z°,[7' j 0j 4 where vl is a global holomorphic automorphism of CP n , 

A G GL n+ i(C)/C*, for any i,j and z° G ^, z 1 G [/,-. 

Construction of the integral: 

I. For any z° G £7i PI f/j (i > 1) we find a cochain 

©M^eC^^^DifcP-)^) 

such that 

(23) ^-^o,^ = <5Li C e M (A 

Furthermore, for zo G J7i n fl U (i > 2) we find a cochain 

e lj2)i (z°)GC7[7 e 2 ( 4 n (Dif C pn);C) 

such that 

(24) @ lti (z°) - 1)2 (z°) = ^061,2,^°) 



Finally, for z° G f7i n . . . fl U n+1 we find 

e 1)2 ,..., n+1 (z°)G^( fl e(Dif CP n);C) 
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such that 

(25) ©l,2,...,n-l,n+l0°) - @l,2,...,n-l,n(z°) = £©l,2,..,n+U 

II. For any point zq G Ui H J7 2 H . . . H £/ n +i we find a solution 

{©l,2,...,n+l> ®l,2,...,n+lJ ' ' ' ' ®l,2,...,n+l } ) 

©i, 2 ,...,n + i G C^-( e(DifcP");C) ^ c nKn...nt/„ 
of the following system: 



+1 



(26) 



<3TjR©l,2,...,n+l 
rf DR©i )2i ..., n+ i 



5 L ie©i ; 
^Lie©i,2,...,n+1 



2,...,n+l 



,dDR0™2,...,n+l - ^Lie©i,2,...,n+1 



(here we denote by nu n+1 ^ ne s P ace °f holomorphic i-forms on Ui l~l . . . H ?7n+i)- 

We set T n = { zi = 1, |z 2 | = . . . = |z n +i| = 1 } C CP™. We want to find conditions 
for which the following two statements hold: 

(i) Jr n @T2,...,n+i e C[7e 2n (0^ n (Difcp«);C) is a cocyc/e; 

(ii) if [£] = then [J T „ ©i 2 n ] = (here [. . .] denotes the cohomological class of the 
cocycle) . 

We find these conditions and prove both statements in the next Subsection. 

4.2. Main Theorem. The following reformulation of the construction of the integral 
due on the previous Subsection will be very useful in the course of the proof of statements 
(i) and (ii). 

Let o % = { (xi, . . . , Xi + i) G W +1 I Yl x i + x 2 + • • • + Xi + \ = 1 } be the i-simplex, we 

denote by [1], [2], ...,[« + 1] its vertices, by [1, 2], [1, 3], ... — its 1-faces, and so on. 

- — . — n n 

Let us define the space CP by the following way. The space CP is glued from the 
following pieces: 

Ui, . . . , U n+ i; 

(Ui n Uj) x a 1 (i< j); 

(Ui n Uj n U k ) xa 2 (i < j < fc); 



(c/i n u 2 n . . . n c/ n+ i) x a n . 

We glue to the space 

(E7i n . . . n C/ n+ i) x [1, 2, . . . , n] C (E7i n . . . n U n+1 ) x a™ 

(here [1, 2, ... , n] is a (n — l)-face of the simplex a n ) the "piece" (U\ D. . .nU n ) x a™ -1 , to 
the space (UiD. . .nU n+1 ) x [1, 2, . . . ,n-l,ra+l] the "piece" (C/iD. . .nC/ n _inC/ n+ i) xcr™^ 1 , 
and so on. We glue all the pieces to each other along the faces of simplexes, and after 

-n 

that we obtain a connected space, we denote it by CP . 

The projection p: CP — > CP™ is well-defined (the fibers are simplexes of different 
dimension). 

We connect a holomorphic coordinate system in the neighbourhood of the point p(z) 
with any point z G CP™ in the following way. 
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First of all, let us suppose, that z £ (U± fl . . . Pi U n+ ±) x a n , z° = p(z). The coordinate 
systems, connected with points z° x [1], z° x [2], . . . , z° x [n + 1] are the coordinate 
systems t 2 o ; [/ 1 , . . . , (- 2 o j{ / correspondently. 

Furthermore, we define a coordinate systems on whole simplex z° x c n such that the 
following conditions (l)-(4) hold: 

(1) the coordinate system depends smoothly on the point of a n ; 

(2) the coordinate systems, connected with the points z° x [1], . . . , z° x [n + 1], are 

L z°,Uii- ■ ■ i L z°,U n+ i\ 

(3) for fixed t G a n , the coordinate system in the point z° x t depends holomorphically 



on z°: 



(4) if t G [ti, . . . , tfc] C <7 n , then coordinate system on (U\ H . . . f~l C/ n -|-i) x i can be 
extended to a holomorphic coordinate system on (U^ PI ... ("I £/j fc ) x t. 

Let us suppose, that conditions (l)-(4) hold. Then one can associate to any point z 
a holomorphic coordinate system in the neighbourhood of the point p(z). There- 
fore, for a fixed cocycle £ <G CL ic (gl^(Dif n ); C) one can associate the cocycle £(S) G 

C[ ie ( ^(Dif C pn);C). 

We consider the canonical solution {6i, . . . , @2n}, @i G ® ClicCs^oo (Difcp n ); C), 
of the system: 



(27) 



r efoR.£(i) = ^Lic©i 

dDR@l = 5 L ic©2 
k cZDR©2n-l = <^Lic@2n 



(see formula (14)). 

The 2n-form ©2 n on CP depends holomorphically on p(z), therefore, @2n = for 

(z/i n ... n c/ n+ i) x o- n . 

Theorem. If conditions (1)— (4) above hold, then: 
(i) Jr«x^ 2n G C[T 2 ™( l^(DifcP");C) is a coq/de; 



(h) [£] = then f Tnxan ©2n 



0. 



(Here T n C C/i n . . . D C/ n+ i, T n = {(1, z 2 , . . . , z n+1 ) | |z 2 | = . . . = |z n+1 | = 1.) 

Proof, (ii) is a direct consequence of (i): one can repeat the arguments of Theorem 2.3.(1). 
Let us prove (i). 
We have: 

^Lic ( / ©2n ) = / ^Lie@2n = / <foR©2n-l = / ©2n-l- 

\JT n Xa n J JT n Xa n JT n Xa n JT n xd(<j n ) 

If a point t lies in a (n — l)-face of the simplex o~ n , say t G [1,2, ...,n], then 
one can extended ©2n-i from (U\ n . . . fl U n+ i) x [1,2, ... , n] to a (2n — l)-form on 
(C/i fl . . . fl U n ) x [1, 2, . . . , n], which depends holomorphically on the first argument. 
Therefore, the (2n — l)-form ©2n-i is defined on (S 1 x . . . x S 1 x Z) 2 ) x [1,2, ...,n] 
and depends holomorphically on the point of z G D 2 via condition (4) (here D 2 = { z G 
C | |z| < 1}, dD 2 = S 1 ). Therefore J T n x [ 12 n ] ®2n-i = according to the Cauchy 
Theorem. The proof is the same for other (n — l)-faces in da n . □ 
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In the notations of Subsec. 4.1 we have: 

©i = ©i,i(zo), 



z°x[l,i] 

[ e 2 = ei, 2ii (A 

Jz°x[l,2,i] 

/ 8 n = 0i,2,...,n(^o)- 

Jz°x[l,2,...,n+1] 

Therefore, the definition of the integral, given in this Subsection, coincides with the 
definition, given in Subsec. 4.1. 

Remark. The Theorem remains true for the Lie algebra gl^(Dif^cp«) for any holomor- 
phic line bundle A on CP™. The proof is the same. 

Lemma. The coordinate systems t z o j u 1 , . . . , t z °,U n+1 > defined by the formula (22), satisfy 
conditions (l)-(4) above. 

Proof. Straightforward. □ 
4.3. Computation for CP 1 . 

4.3.1. We denote C/i by V and U 2 by U, and let z° = (x ,y ) be a point U n V C CP 1 . 
Let us find Oi,2(^0)2/o) (see Subsection 4.1). 

If t, z o ! ui L z°,v are t ne coordinate systems, defined by (22), then the maps 
jz°,Ui Jz°,v '■ Dif C pi — > Difi are defined by the formulas: 

jzO,u( v )(f) = (^uT^kuf), 

28 3zo,v(v)(f) = (rJ y Yv(L* z0y f). 

We have: i z o y = l z qjj o A z o, where A £ GL2(C)/C* is the global automorphism 
of CP 1 , defined by the matrix: 



'fo _ i £2\ 



xo 



yo / 
From (28) we have: 

(29) j z oy(V) = j z * tU {AjVAj) 

Here the differential operator A~qT>A z o defined by a differential operator V by the for- 
mulas: A~oT>A z o(f) = f, where 

(30) f(x) = f(Ajx) and f(x)=V(foA z o(x)). 

Denote A~ l VA by Ad(A _1 )(X>). 
We have: 
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4.3.2. Let At be a matrix piece-wise smooth path, A t G GL n (C), t € [0, 1]. We have: 
(31) (Ad(Ax) - Ad(A ))(x) = "£(A t+£ xA^ £ - A t xA^) = 



V(Ad(Ai +£ A t - 1 ) - \){A t xA^) = [ ad(a t )(A t xA^ 

Jte[o,i] 



where 
(32) 



Let us choose a path, connecting Id and A z o. 
Suppose: 



Xt 



Y t = 



,nit o 

1 



7T . 7T 

cos — t sin — i 
2 2 



sin —t cos — i 



te [0,1], 
\ 



te [0,1], 



i 2 - 1 t 
t 



/ 

i be a complex path, connect- 
vo ' 



ing 1 and — . 



We have: 



X = Id, X 1 = Y , Y 1 = Z 1 , Z*z=A z0 . 
According to the formulas (31) and (32), we have: 

(33) l* 2 o i-t* zQ i = - f\d(xt)(Ad(X t r\i* z o ;U 0)- 

Jo 

1 ad(y t )(Ad(F- 1 )( i : 0iC/ e)) - f ^ Bd(z t )(Ad(Z^)(i* z o :U 0). 



In the affine coordinate z = — on U we have: 

V 

. d 



x t = 








7T 


d 


Vt = 


2 


z dz> 








Zt = 







Let us define the (I — l)-cochain 

(34) <p x (V u . . .,!>,_!) = e {j^uiX^xtX&j^uiXf^Xt), . . . Ju&^V^Xt)) . 
Then 

(35) ad(x t )(Ad(X- 1 )( i : 0)f7 ))(Pi, . . • ,2>i_i) = (<Wx)Pi, • • • ,2?i-i). 

There are analogous formulas for and Z^. 

As we will see below, the values of J sl &\ 2 depend only on the Z t -term. 
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4.3.3. Denote S 1 = | (x,y) G CP 1 - = 1 1. We consider the coordinate systems 

L z o tU in all the points z° G S 1 . The (global) holomorphic vector field on CP 1 , corre- 
sponding to a tangent vector to S 1 in any point (in the sense of Subsec. 2.1) is equal, up 
d 

to a constant factor, — (in the affine coordinate in U). 

dz 

Therefore, the X t - and y t -terms in 0} 2 have, up to a constant factor, the following 
form: 

J Ad^r 1 )? (jz°,U (zfl) Jz°,U ( J^) Jz°,u(Pl), ■ ■ ■ , J>,C/(^-2)) 



and 

J ^(V 1 )? (jz°,U (^) Jz°,U (J^) Jz^uC^l), ■ ■ ■ Jz°,u(Pl-2 



These terms have nonzero grading as expression of the form ^>(T>\, . . . , D/-2), and there- 
fore the sequel computations do not depend on these terms. Z^-term has a form 

J Ad(Zf^ (j z ^ v (z 2 £) ,j z0>u (£) J^upt), . . . ,j z o tU (2?,_ 2 )) 

and this expression has the grading 0. 
Let us calculate Z t -term. We have: 

{Zt) = Im. s i r Ad(zrl)e ( jz °' u (£) >i*v( z *)>i*v{Vi), ■ ■ ■ ,jz°A v i-2)) 
here ia = e ^.,», o€[ o,i],z« = -( 1 + i)^|. 

Calculation of the integral: 

{h z2 §z> j * ' u{Ad{Z ^ ){Vl)) > ■ ■ ■ ) i 2 o,i/(Ad(Z r 1 )(^_ 2 ))) dfidtpo- 

(here t = e 2lTif3 ). 

4.3.4. Let £ = ^2fc+i {k > 1) be the Lifting cocycle on the Lie algebra g^(Difi) (see 
Subsec. 1.2), and Pi, ... , V 2k -i G 0^ <8> 1- Then Ad(Z^ 1 )(D i ) = V h and we are able to 
conclude the calculation. We have: 

(36) ^)=G + 4^)^(l'^^-'^-0 

where £>; G gl^ <g> 1. 

dz dz 



d d 

It follows directly from our definitions that — and z 2 j- in (36) are infinite matrices 



d d 

Id(g)— and ld®z 2 — . Strictly speaking, these matrices do not lie in the Lie algebra 
gt^(Difi) (see also (21)). 

(d d \ 

— , z 2 Tj-,T>i . . . ,T>2k-i) has nonzero value on some 

(2k — l)-cycle on the Lie algebra gl^ ® 1. 
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Proof. First of all we consider the simplest case k = 1. We have to calculate ^ 3 (d, x 2 d, 1) 
(here d = d <g> Id, x 2 <9 = x 2 <9 (g) Id, 1 = En. We have: 

#3(^1, A 2 , A 3 ) = Alt Tr(D 1 A 1 ■ D 2 A 2 ■ A 3 ) + Alt Tr(Q • A l ■ A 2 ■ A 3 ), 
where Lq = ad In d, D 2 = ad In a; , 

Q = x^d- 1 + ^" 2 a-2 + . . . + ( U -jy- x -n d -n + _ _ _ (gee Subgea L2 ). 

The first summand in ^(d, x 2 <9, 1) is equal to —2, the second one is equal to —1. 
Therefore, V 3 (d,x 2 d, 1) = -3 + 0. 
The general case: 

let £ Af A • • • A A^_! be a cycle in gl^ 1 ® 1, we have to calculate 

i 

J2^2k+i(d,x 2 d,A ( ^\...,A^ k _ 1 ) (seeSubsec. 1.2). 

i 

The "leading" term Alt Tr(L>iAi • D 2 A 2 • A 3 • . . . • A 2k+1 ) is equal to 

-2Tr (^2 Alt(Af } • A^ • . . . • A^_ x )^ . Furthermore, we consider the term 

Ah(£>iAi • A 2 • . . . ■ A 2s _i • D 2 A 2s ■ A 2s+1 ■ A 2k+1 ). 

It is necessarily that A\ = x 2 d <g> Id, A 2s = d ® Id (otherwise this expression is equal 
to 0), and matrices D\(x 2 d <g> Id) and Z?2(<9 <8> Id) commute with gl^J <8> 1. Therefore, 
every such term is equal to 



-2Tr^Alt(A«.....A«_ 1 )j 



The remaining term AltTr(Q • A\ ■ A 2 ■ . . . ■ A 2k+ i) is equal to —1. Therefore, 

A 

J2 *2k+i(d ® Id, x 2 d ® Id, Af,..., Ag_i) = 

i 

= ±(* + 1) • f"2Tr Alt(A« ..... A^)) ) - Tr ( £ Alt(A« • . . . • A^)) = 



= -(A; + 2).Tr^Alt(A?.....A«_ 1 )j 



It follows from the standard facts on the cohomology of the Lie algebra gl^ (see [F], 
Ch. 2.1) that the last expression is not equal to for some cycle ^f A • • ■ A A^l_ 1 . □ 

i 

4.3.5. Using the same methods, one can show, that the value of 

/ ^ 2k+l eC^-\^(V\i X)CP t)-£) 
Jcp 1 
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on the matrix cycle Y^^i A • • • A ^4 2 fe-i ( nere ^ = ®W) 1S equal, up to a nonzero 

i 

undepending on A constant, to 

£ ^2fc+i(Id (8)5, Id <g)(x 2 9 - Ax), Af\..., 4*2_i) = 



-(/s + 2)(A + l) ■ ( ^TrAltA? • ... - A 




Let us note, that the number A + 1 is equal to the Euler characteristic %(0(A)). 
4.3.6. 

Theorem. 



Proof. It follows from Theorem 4.2 and Theorem 4.3.4 that the cocycles ^3, ^5, ^7, . . . 
are noncohomologous to zero cocycles on the Lie algebra g^(Difi). 
Furthermore, the standard homomorphism of the Lie algebras 

& n (Difi) © 0& n (Difi) - S^(Difi) 

defines the Hopf algebra structure on the cohomology i? , (g[^(Difi); C). We denote by A 
the coproduct in this Hopf algebra. 

Lemma. The Lifting cocycles ^3, Vl/5, ^7, . . . are primitive elements in 
ff-( fl l^(Difi); C), i. e. A* 2fc+1 = 1 © ^2fc+i + *2fc+i ® 1. 

Proof. It is obvious. □ 

It is well-known theorem, that any (super-) commutative and cocommutative Hopf 
algebra A is equal to (super-) symmetric algebra, generating by its primitive elements 
(i. e. such elements a € A that Aa = 1 ® a + a <g> 1). Therefore, there do not exist any 
nontrivial relations between ^3,^/5,^7,... in i?*(g[^(Difi); C). On the other hand, 
according to [FT1] i/ , (g[ £(Difi); C) is the exterior algebra with the unique generator 
in each dimension 3,5,7.... It proves, that 

^•( fl ^(Dif 1 );C) = A*(*3.^5,*7...)- 

□ 

4.3.7. 

Theorem. Let l: Dif CP i — » Difi is i/ie map, connected with a choice of coordinate 
system in any point of CP 1 . Then 

F'( 4 n (Dif Cpl );C)^A*f / * 3 ; ^3, / ^5, / *T, ...) 

Proof. First of all, one can show by the method of [FT1], that #'(gl^(Dif CP i); C) is 
the exterior algebra with the unique generator is dimension 1 and two generators in each 
dimension 3, 5, 7, ... . Furthermore, there exists the standard map of the Lie algebras 
Q^(Dii CP i) © Q^(Dii CP i) — > g[^(Dif CP i), which defines the Hopf algebra structure 
on cohomology i/*(gl^(Dif CP i); C). It is easy to prove that j cpl ^J f 2 fc+i an d L *^2k+i 
(k > 1) are primitive elements in iT*(jj[^(Dif CP i); C) with respect to the Hopf algebra 
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structure. It follows from Theorem 4.3.4, that J CP i ^2k+i {k > 1) are nonzero elements 
in H'(gl f ^(Di{ CP i);C). It remains to prove that [i** 2 fe-i] ^ 0, k > 2, and that the 
cocycles L*^2k-i an d J CP i ^2k+i are not cohomologous. 

To prove the first statement, let us note, that the integral j CP i ^2k—i is defined via 
the pull-backs t*^/ 2 k-i-, connected with all the points of CP 1 . It follows from Lemma 2.1 
that all these cocycles (connected to different points and a different choice of coordi- 
nate systems) are cohomologous (Strictly speaking, we have to use the special class of 
admissible coordinate systems, . . . but is sufficient for the definition of the integral.). 
Therefore, it follows from Theorem 2.3 and Corollary 2.3 that if the cocycle t*^2k-i is 
cohomologous to than J cp i Vl^fc-i is also cohomologous to zero, with the contradiction 
to Theorem 4.3.4. 

To prove the second statement, let us note, that the value of J C pi ^2fc+i on some 
matrix cycle is not equal to 0, but is obvious, that the value of t*^2k-i on any matrix 
cocycle is equal to 0. □ 

It is true also, that for A = 0(A), -1 and (in the sense of the algebras of twisted 
differential operators Dif A CP i, A € C), 6 (^j + 6 (^j +1/0 than 

ir( & n (Dif ACpl );C)~ A-f f * 3 ; 6**3, / * 5 ; t** 5 , / ...V 

KJcp 1 jcp 1 Jcp 1 J 

—J + 

6(|) + 1=0. 

4.4. Computation for CP n . Let us denote by Dif a,cp™ the associative algebra of global 
holomorphic differential operators in the bundle 0(A) on CP n . 

Using the methods, analogous to methods of Subsec. 4.3, one can prove, that the value 
of the integral 



/ *2 k+ i € c^t" t+1 (flC(DifA,cp");C) (k > „) 

JCP n 



|W a . . . a 4 M ( a „rfin 



on a matrix cycle A\' A • • • A ^ 2 k-2n+i e fl'oo ® 1) is equal to 



(37) ^2 *2fc+i \d 1 ,...,d n ,xi\^2 x 3 d i J - Axi, . . . , x n j ^ xjdj J - \x r , 

. j= i 




A ii) 

' ^2k-2n+l , 



111 



In (37) di and Xi x j@j ~ ^ x i denotes ld®d{ and Id® I Xj Yl x j®j ~ ^ x 

particular, these are infinite matrices. According to Remark 4.2, it is sufficient to prove 
that J £pn * 2 fc+i G C'Lie" 2n+1 (s^( Dif A,CP n ); ( C) is not cohomologous to in order to 
prove that * 2 fc+i £ Cl^ 1 ^^ (Dif n ); C) is not cohomologous to (A; > n). 

The difference between the general case of CP n , n > 1 and the case of CP 1 is that it 
is difficult to compute the whole polynomial on A, arising in the formula (37), or even 
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its value for A = (Conjecture 3.3 gives us the expected answer.) It is sufficient for our 
aims to prove that this polynomial is not equal to 0; therefore, it is sufficient to prove 
that its leading coefficient is not equal to 0. For the calculation of the leading coefficient 
on A in (37), it is sufficient to calculate 

(38) ^ *2fc+l(dl> • • • , 9 n , Axi, . . . , Xx n , . . . , A 2k _ 2n+1 ) = 

i 

\ n ^ ^2k+i (di , ■ ■ ■ , d n , xi , . . . , x n , A { { ) , . . . , >4fc-2n+i ) • 

i 

It is sufficient to find a matrix (2k — 2n + l)-cycle Yl -^i A • • • A ^4fc-2n+i sucn ^ na ^ 

i 

^2^2k+i{di, - ■ ■ ,d n 

i 

(here di and Xj denotes Id<X)<9i and ld®Xi respectively) (k > n). 

First of all, let us consider the simplest case k = n. The leading term in 
*2n+i(^i, • • • , ^2n+i) is equal to 

(39) Mffl^j • . . . • D 2n A 2n ■ A 2n+l ) (see Subsec. 1.3). 
We set: 

Z?i=adln9i, D2 = adlnxi, L>3 = adln92, D4 = adlnx2, 
A 1 =x 1 , A 2 = di, A 3 = x 2 , A 4 = d 2 ,..., A 2n+1 = 1. 

Then the leading term (39) is equal to (— l) n -(2n)!. Furthermore, let us consider arbitrary 
term in *$> 2n+ i(Ai, . . . , A 2n+ \) (connected with the interval of length 2n — 2 with marked 
points — see Subsec. 1.3). We may remove all the blocks of the form Ai ■ Qjj+i • ^4i+i 
in the left-hand side of the expression, its value will not change. Thus, we have the 
expression: 

(40) Alt Tr(A 1 ■ Q 12 ■ A 2 ■ A 3 ■ Q 34 ■ A 4 ■ A 5 ■ Q 56 ■ A 6 ■ . . . ■ 

■ A 2 i-\ ■ Q 2 \-\^i ■ A% ■ D-tt+xA-ix+x ■ . . . ■ D 2n A 2n ■ A 2n+ i) 
(a sign does not appear from such a permutation). We have: 

(41) (40) = Alt Ti(A l • A 2 ■ Q 12 ■ A 3 ■ A 4 ■ Q u ■ . . . ■ A 2l _ x ■ A 2l ■ 

■ Q2i-i,2i ■ A 2n+ \ ■ D 2 i + iA 2 i + i • . . . • D 2n A 2n ). 

We may suppose, that A 2n+ \ = 1 in (41) (all other terms are annihilate with each other), 
and if 



than 
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It is easy to see, that (41) = (— l) n • (ll) 2 • (2n — 2/)! • 2 l . In particular, all the summands 
in ^2n+i(di, ...,d n , xi, . . . , x n , 1) contributes a nonzero number, and all these numbers 
have the same sign. It proves that the leading coefficient on A in (38) is not equal to 0. 

The general case of the cocycle vE^m+i (m > n) is deduced to the previous computation. 

It follows from these computations and Theorem 4.2 that cocycles *$>2n+i, 
^2n.+3) ^2n+5, • • • are noncohomologous to cocycles in C* ie (0l^(Dif n ); C). It was 
proved in [FT1] that i2"*(gl^(Dif n ); C) is the exterior algebra with the unique gener- 
ator in each dimension 2n + 1, 2n + 3, 2n + 5, . . . . Using the above arguments concerning 
the Hopf algebra structure on i/*(gl^(Dif n ); C) we prove the following theorem: 

Theorem. 

F'(fl^(Dif n ); C) ~ A"(*2n+1, *2n+3, *2„+5, • • • )■ 

□ 
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